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Abstract
We examine the low-energy dynamics of CP1 lumps coupled to gravity, taking into account the gravitational back-reaction
of the spacetime geometry. We show that the single lump moduli space is equipped with a three-dimensional metric, and we
derive stability bounds on the scalar coupling constant. We also derive an expression for the multi-lump moduli space metric.
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1. Introduction
One particularly useful method of probing the low energy physics of objects arising in M-theory is the moduli
space approximation. This has been particularly apparent in the determining of the low energy dynamics of
black holes of N = 2 supergravity theories in four and five dimensions which are associated with intersecting
brane configurations in ten and eleven dimensions compactified on Calabi–Yau manifolds [1–5]. Moreover, these
geometries exhibit a sufficiently high degree of symmetry that the associated sigma models typically admit
supersymmetric extensions. On quantizing these supersymmetric sigma models, interesting results such as the
existence of bound states in a near horizon limit have been obtained [6].
In addition to black holes, there are other interesting supergravity solutions which are obtained from branes. In
particular, we shall concentrate on a class of stringy cosmic string solutions of four-dimensional supergravity
theories [7,8]. Such solutions may be obtained in various different ways. For example, one may wrap an
M5-brane on a supersymmetric co-associative 4-cycle of a 7-manifold of G2 holonomy. Compactifying along
the G2 manifold, one obtains string solutions of N = 1, D = 4 supergravity theory [9]. Alternatively, stringy
cosmic string solutions of a four-dimensionalN = 2 theory may be obtained from compactifying heterotic string
theory on K3 × T 2 [10]. Compactifying further in the direction parallel to the string, one obtains lump solutions of
a 3-dimensional theory.
In this Letter we shall examine the low energy dynamics of lump solutions of 3-dimensional gravity coupled to a
complex scalar CP1 sigma model obtained from the compactification of N = 2, D = 4 supergravity, in which the
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scalar is a holomorphic rational function. A considerable amount is known about the moduli space geometries of
such sigma models in various fixed backgrounds [11–13]. One feature is that some of the moduli are frozen due to
divergences in the integrals involved in the computations. It has been argued in [14] that coupling the sigma model
to gravity provides a natural way of fixing an appropriate background geometry, and that this geometry effectively
un-freezes some of the moduli. A probe computation was used to derive a six-dimensional metric on the moduli
space of a single lump. Although such computations provide useful information about the low energy dynamics of
objects in supergravity theories, they do not generically take into account the back reaction of the geometries to the
motion of the bodies involved, and so many aspects of the dynamics are neglected. This may be readily observed
in the case of low energy black hole dynamics.
The plan of this Letter is as follows. In Section 2 we describe some aspects of the static solution. In Section 3
we present the moduli space perturbation computation including the back-reaction of the (2 + 1)-dimensional
spacetime, and show how the single lump moduli space is described by a 3-dimensional conical geometry. In
Section 4 we present some conclusions.
2. The static solution
The action which we shall consider is that of a non-linear sigma model coupled to gravity in 2+ 1 dimensions.
It is given by
(1)S =
∫
d3x
√|g| (R− 4λ(1+ |W |2)−2∂MW∂M W ),
where λ > 0 is a real constant, g is the metric, and W is a complex scalar. The Einstein equations are given by
(2)GMN + 2λ
(
1+ |W |2)−2(∂SW∂S WgMN − 2∂(MW∂N) W )= 0
and the scalar equation obtained by varying W is
(3)∂M
(√|g| (1+ |W |2)−2∂M W )+ 2√|g| W (1+ |W |2)−3∂MW∂M W = 0,
and taking the complex conjugate of this one obtains the W scalar equation.
From now on, we shall adopt co-ordinates xM = [t, z, z¯], where z, z¯ are complex co-ordinates, and t is real. The
solution which corresponds to N CP1 lumps is given by taking
(4)W = PQ ,
where P = P(z) and Q =Q(z) are degree N polynomials in z with no common roots. The spacetime metric is
given by
(5)ds2 =−dt2 +Ω2 dzdz¯,
where
(6)Ω = (|P |2 + |Q|2)−λ.
3. Moduli metric computation
In order to perturb the N -lump system we allow the coefficients of P and Q to depend on t . Such a solution
automatically satisfies the scalar equations up to first order in the velocities. Hence, for a sigma model which is not
coupled to gravity, it is sufficient to simply substitute this solution back into the action and obtain the terms second
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order in the time derivatives, which in turn defines the metric on the moduli space. However, when one couples
the sigma model to gravity the Einstein equations must also be considered. It is straightforward to see that the tz
and t z¯ components are not satisfied to first order. In order to rectify this it is necessary to perturb the tz and t z¯
components of the metric according to
(7)δgtz = pz, δgt z¯ = pz¯,
where pz and pz¯ are first order in the velocities and are to be determined by solving the Einstein equations.
Specifically, p must satisfy
(8)∂z
[
Ω−2(∂zpz¯ − ∂z¯pz)+ λ
(|P |2 + |Q|2)−1(P∂tP −P∂t P + Q∂tQ−Q∂t Q )
]
= 0,
together with the complex conjugate of this expression. This is solved by taking
(9)Ω−2(∂zpz¯ − ∂z¯pz)+ λ
(|P |2 + |Q|2)−1(P∂tP −P∂t P + Q∂tQ−Q∂t Q )= iL,
where L is real, independent of z and z¯ and is first order in the velocities. Defining
(10)D ≡ L(|P |2 + |Q|2)−2λ + iλ(|P |2 + |Q|2)−2λ−1(P∂tP −P∂t P + Q∂tQ−Q∂t Q ),
we note that (9) is solved by finding V = V(z, z¯) ∈C such that
(11)∂zV = i2D,
and p is given by
(12)pz =V + ∂zT , pz¯ = V + ∂z¯T ,
where T = T (z, z¯) ∈ R is arbitrary. It is then straightforward to compute the metric on the moduli space. In
particular, substituting (7) into (1) one obtains the following second order terms
S(2) =
∫
dt dz dz¯
(13)
×
[
F + λ(|P |2 + |Q|2)−2λ−2((|Q|2 − λ|P |2)∂tP∂t P + (|P |2 − λ|Q|2)∂tQ∂t Q
− (1+ λ)(QP∂t Q∂tP + QP∂tQ∂t P )
)
−Ω−2
(
∂zpz¯ − ∂z¯pz + λ
(|P |2 + |Q|2)−2λ−1(P∂tP −P∂tP + Q∂tQ−Q∂t Q )
)2]
,
where F integrates to give surface terms only;
F =−4∂z∂z¯
((|P |2 + |Q|2)2λpzpz¯)+ 4∂z((|P |2 + |Q|2)2λpz¯∂zpz¯)+ 4∂z¯((|P |2 + |Q|2)2λpz∂z¯pz)
(14)+ 4λ∂z
((|P |2 + |Q|2)−1pz¯(P∂tP + Q∂tQ)
)
+ 4λ∂z¯
((|P |2 + |Q|2)−1pz(P∂t P +Q∂t Q )
)
.
In particular, we shall only consider solutions in which the contribution from F vanishes. Then substituting (9)
into (13) we obtain the second order effective action
S(2) =
∫
dt dz dz¯
(15)
×
[
− 4λ2(|P |2 + |Q|2)−2λ−1(|∂tP |2 + |∂tQ|2)
+ 2λ(1+ 2λ)(|P |2 + |Q|2)−2λ−2|P∂tQ−Q∂tP |2 + (|P |2 + |Q|2)−2λL2
]
.
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Here L is to be determined by the requirement that p is smooth, bounded and F gives no contribution to the
moduli space metric. It is possible to determine pz and L explicitly in the simplest case of a single lump, where
the polynomials P and Q are of degree 1.
3.1. Moduli space of a CP1 lump
It is straightforward to use the reasoning set out in the previous section to compute the metric on the moduli
space of a single CP1 lump. In this case P andQ are degree 1 polynomials, and it is most convenient to write them
as
(16)P = sin θ
2
e−
i
2 (ψ−φ)(z− γ )+ β cos θ
2
e
i
2 (ψ+φ), Q= cos θ
2
e−
i
2 (ψ+φ)(z− γ )− β sin θ
2
e
i
2 (ψ−φ),
where γ ∈C, β ∈R+, and 0 θ  π , 0 φ  2π and 0ψ < 4π . Then
(17)|P |2 + |Q|2 = β2 + |z− γ |2,
and
(18)P∂tP −P∂t P + Q∂tQ−Q∂t Q= iξ
(
β2 − |z− γ |2)+ χ¯(z− γ )− χ(z¯− γ¯ ),
where
(19)ξ = ψ˙ + cosθφ˙,
and
(20)χ = βeiψ(θ˙ − i sin θφ˙)+ γ˙ .
Then (9) is solved by taking
V = i
2(z¯− γ¯ )
(
β2 + |z− γ |2)−2λ
[
ξβ2 + L+ ξλ
1− 2λ
(
β2 + |z− γ |2)
]
− χ
4
(
β2 + |z− γ |2)−2λ
− χ¯
4(1− 2λ)(z¯− γ¯ )2
(
β2 + |z− γ |2)−2λ(β2 + 2λ|z− γ |2),
(21)T = 1
4(2λ− 1)
(
β2 + |z− γ |2)−2λ+1
(
χ
z− γ +
χ¯
z¯− γ¯
)
,
so that
pz =− χ¯2
(
β2 + |z− γ |2)−2λ
− i
2(z− γ )
[
ξβ2
(
β2 + |z− γ |2)−2λ + (1− 2λ)−1(L+ ξλ)(β2 + |z− γ |2)−2λ+1],
pz¯ =−χ2
(
β2 + |z− γ |2)−2λ
(22)+ i
2(z¯− γ¯ )
[
ξβ2
(
β2 + |z− γ |2)−2λ + (1− 2λ)−1(L+ ξλ)(β2 + |z− γ |2)−2λ+1].
In order to ensure that p remains bounded at z= γ we set L= (λ− 1)ξ so that
(23)pz = 12
(
β2 + |z− γ |2)−2λ(−χ¯ + iξ(z¯− γ¯ )), pz¯ = 12
(
β2 + |z− γ |2)−2λ(−χ − iξ(z− γ )).
We also impose λ > 12 which ensures that the surface terms F give no contribution to the moduli space metric.
In this case the volume of space takes the finite value πβ
2
2λ−1 , and the boundary at |z| =∞ is a conical singularity
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of deficit angle 4π(1− λ). So, on substituting this value of L into (15) and performing the spatial integration we
obtain
(24)S(2) = π
∫
dt (1− 2λ)β−4λβ˙2 + (1− λ)
2(2λ− 1)β
2−4λ(θ˙2 + sin2 θφ˙2).
Defining r = β1−2λ, we obtain the metric on the moduli space (up to an overall constant conformal factor of π1−2λ )
as
(25)ds2 = dr2 + 1
2
(λ− 1)r2(dθ2 + sin2 θ dφ2).
We observe that for λ = 3 we have ds2 = ds2 (E3), and for λ = 1 the metric is degenerate. For λ = 1, one may
solve the geodesic equations explicitly; in particular, if J 2 = r4(θ˙2 + sin2 θφ˙2) denotes the total conserved angular
momentum, then β is given by
(26)β = 1√
α−1
( 1
2 (λ− 1)J 2 + α2(t + δ)2
) 1
2λ−1
,
where α ∈ R+ and δ ∈ R are constants of integration. Hence, if 12 < λ < 1 then the moduli space approximation
breaks down at some finite time, at which the spatial volume becomes infinite and this is a naked curvature
singularity. However, if λ > 1 then the moduli space approximation is generically valid for all time and the volume
of space is bounded above and tends to zero as t →±∞. In particular, we recall that (1) may be obtained from
a four-dimensional action via an appropriate compactification, and it has been shown in [15] that in order for the
scalar sigma model portion of this action to describe a Kähler–Hodge manifold, one must have λ ∈ N. So, for
λ = 1, it follows that the moduli metrics corresponding to single lump solutions of supersymmetric theories have a
conical geometry, except for λ= 3 when ds2 = ds2 (E3).
3.2. Multi-lump problem
It is also possible to use the reasoning presented here to compute the metric on the moduli space of multi-lump
solutions. In fact, it is not even necessary to compute p explicitly to determine this. To see this we note that (9)
may be written in a form notation as
(27)dp= 2D dx ∧ dy,
where z= z+ iy , z¯= x − iy and x , y are real co-ordinates. Then for smooth p such that |p| ∼ |z|−c for c > 1 as
|z| →∞, applying Stokes’ theorem to (27) one obtains the constraint
(28)
∫
D(x, y) dx dy = 0
which fixes L uniquely as
(29)L=−iλ
[∫
dx dy
(|P |2 + |Q|2)−2λ−1(P∂tP −P∂t P + Q∂tQ−Q∂t Q )]∫
dx dy
(|P |2 + |Q|2)−2λ .
We observe that the constraint λ > 12N is sufficient to ensure the appropriate asymptotic behaviour of p as |z| →∞.
This constraint is satisfied if λ ∈N, which corresponds to supersymmetric theories which are of most interest. We
shall only consider such λ. Even with this simplification, evaluating the integrals explicitly for generic N  2 and
λ ∈ N is difficult. It is however instructive to examine the two-body problem. In particular, suppose we consider
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the symmetric configuration given by taking
(30)P = sin θ
2
e−
i
2 (ψ−φ)H + β cos θ
2
e
i
2 (ψ+φ), Q= cos θ
2
e−
i
2 (ψ+φ)H − β sin θ
2
e
i
2 (ψ−φ),
where β ∈R+, 0 θ  π , 0 φ  2π , 0ψ < 4π and
(31)H = z2 − γ,
for γ ∈C. The lumps are centred around z=±√γ . Then
(32)|P |2 + |Q|2 = β2 + |H |2,
and
(33)P∂tP −P∂t P + Q∂tQ−Q∂t Q= iξ
(
β2 − |H |2)+ χ¯H − χ H,
where
(34)ξ = ψ˙ + cosθφ˙,
and
(35)χ = βeiψ(θ˙ − i sin θφ˙)+ γ˙ .
It is convenient to define for c 1,
(36)Υc =
∫
dx dy
(
β2 + |H |2)−c.
With these conventions, L is fixed as
(37)L= λξ
(
2β2Υ2λ+1
Υ2λ
− 1
)
,
and it follows that
S(2) = λ
∫
dt
[(
θ˙2 + sin2 θφ˙2)( 12Υ2λ − (1+ 2λ)β2Υ2λ+1 + (1+ 2λ)β4Υ2λ+2)
+ 2β˙2(Υ2λ+1 − (1+ 2λ)β2Υ2λ+2)+ (γ˙ χ¯ + ˙¯γχ)(−2λΥ2λ+1 + (1+ 2λ)β2Υ2λ+2)
(38)+ 2β2ξ2
(
Υ2λ+1 − (1+ 2λ)β2Υ2λ+2 + 2λβ2Υ2λ+1
2
Υ2λ
)]
.
We observe that the double integral in (36) may be rewritten for c ∈N as
(39)Υc = π
2(2c− 2)!
22c−1((c− 1)!)2β
1−2c
2F1
(
1
2
, c− 1
2
;1;−|γ |
2
β2
)
,
where 2F1 denotes the analytic continuation of the hypergeometric function defined on C/[1,∞) with the branch
cut along the positive real axis.
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4. Conclusions
We have shown that the second order effective action which determines the low energy dynamics of a single
CP
1 lump is simplified considerably when one includes the back reaction of the spacetime geometry. In particular,
for stable solutions, we require that λ > 1. In the case of λ= 3 it is clear from the reasoning in [16] that the moduli
space metric ds2 (E3) admits a supersymmetric extension to give a N = 4 supersymmetric sigma model, even
though there are only three moduli involved in (25). For λ = 3, this result is consistent with the correspondence
between moduli metrics of supersymmetric gravity and brane world-volume theories and supersymmetric sigma
models. For λ = 3, the moduli metric is not of the form given in [16], and the correspondence is less clear.
In addition, we have computed the metric on the moduli space for a symmetric configuration of two lumps. The
metric cannot be written in a simple closed form. It would be interesting to determine if there is a relationship
between this metric and the class of SO(3)× SO(3) invariant Kähler metrics discussed in [17] as it is clear that
including the gravitational back-reaction alters the form of the metrics. Furthermore, the methods used here may be
easily extended to probe the moduli dynamics of a symmetric configuration of N lumps by making the replacement
z2 − γ → zN − γ in (31). It may also be possible to determine some of the properties of more general non-
symmetric N -lump moduli space geometries for particular values of the coupling λ from the integral expressions
presented here, using techniques similar to those used to analyse black hole moduli space geometries.
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